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On ratio asymptotics for general polynomials$

Ying Guang Shi1

Department of Mathematics, Hunan Normal University, Changsha, Hunan, China

Received 19 April 2002; accepted 30 October 2002

Abstract

In this paper some characterizations of the ratio asymptotics for general polynomials are

given. These results are extensions and improvements of the ratio asymptotics for orthogonal

polynomials and are applicable to the ratio asymptotics for polynomials with disturbed nodes.

r 2002 Elsevier Science (USA). All rights reserved.

1. Introduction and main results

Given two triangular matrices of nodes (nX2):

1Xx1;n4x2;n4?4xn;nX� 1 ð1:1Þ

and

1Xy1;n�14y2;n�14?4yn�1;n�1X� 1; ð1:2Þ

put

onðxÞ ¼
Yn

k¼1
ðx � xk;nÞ; On�1ðxÞ ¼

Yn�1
k¼1

ðx � yk;n�1Þ:

The main aim of this paper is to give conditions such that the ratio asymptotics

lim
n-N

onðzÞ
On�1ðzÞ

¼ 1
2
fðzÞ; fðzÞ ¼ z þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 1

p
ð1:3Þ
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holds for every zAC\/� 1; 1S; where the branch of the square root is chosen so that

jz þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 1

p
j41; zAC\½�1; 1	; and the interval /� 1; 1S stands for one of the four

intervals ½�1; 1	; ð�1; 1	; ½�1; 1Þ; and ð�1; 1Þ:
To state our results we need some notations. Let us denote by L½�1; 1	 the set

of complex valued and Riemann integrable functions on ½�1; 1	 and by C1½�1; 1	
the set of continuously differential complex valued functions on ½�1; 1	: Write
f1ðxÞ ¼ lnð1� xÞ and f2ðxÞ ¼ lnð1þ xÞ: Then the first main result of this paper is as
follows.

Theorem 1.1. Let assumptions (1.1) and (1.2) prevail and let

1Xx1;nXy1;n�1Xx2;nXy2;n�1X?Xxn�1;nXyn�1;n�1Xxn;nX� 1: ð1:4Þ

Then the following statements are equivalent:

(a) relation (1.3) holds for every zAC\½�1; 1	;
(b) the relation

lim
n-N

Xn

k¼1
f ðxk;nÞ

On�1ðxk;nÞ
o0

nðxk;nÞ
¼ 2

p

Z 1

�1
f ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx ð1:5Þ

holds for every fAL½�1; 1	;
(c) the relation

lim
n-N

Xn

k¼1
f ðxk;nÞ �

Xn�1
k¼1

f ðyk;n�1Þ
" #

¼ 1
p

Z 1

�1

f ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx ð1:6Þ

holds for every fAC1½�1; 1	:

We also give the other three results concerning the ratio asymptotics (1.3)
including the endpoints of the interval ½�1; 1	:

Theorem 1.2. Let assumptions (1.1) and (1.2) prevail and let

14x1;nXy1;n�1Xx2;nXy2;n�1X?Xxn�1;nXyn�1;n�1Xxn;n4� 1: ð1:7Þ

Then the following statements are equivalent:

(a) relation (1.3) holds for every zAC\ð�1; 1Þ;
(b) the relation

lim
n-N

Xn

k¼1
f ðxk;nÞ

On�1ðxk;nÞ
o0

nðxk;nÞð1� x2k;nÞ
¼ 2

p

Z 1

�1

f ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx ð1:8Þ

holds for every fAL½�1; 1	;
(c) relation (1.6) holds for every fAC1½�1; 1	,ff1; f2g:
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Theorem 1.3. Let assumptions (1.1) and (1.2) prevail and let

14x1;nXy1;n�1Xx2;nXy2;n�1X?Xxn�1;nXyn�1;n�1Xxn;nX� 1: ð1:9Þ

Then the following statements are equivalent:

(a) relation (1.3) holds for every zAC\½�1; 1Þ;
(b) the relation

lim
n-N

Xn

k¼1
f ðxk;nÞ

On�1ðxk;nÞ
o0

nðxk;nÞð1� xk;nÞ
¼ 2

p

Z 1

�1
f ðxÞ

ffiffiffiffiffiffiffiffiffiffiffi
1þ x

1� x

r
dx ð1:10Þ

holds for every fAL½�1; 1	;
(c) relation (1.6) holds for every fAC1½�1; 1	,ff1g:

Theorem 1.4. Let assumptions (1.1) and (1.2) prevail and let

1Xx1;nXy1;n�1Xx2;nXy2;n�1X?Xxn�1;nXyn�1;n�1Xxn;n4� 1: ð1:11Þ

Then the following statements are equivalent:

(a) relation (1.3) holds for every zAC\ð�1; 1	;
(b) the relation

lim
n-N

Xn

k¼1
f ðxk;nÞ

On�1ðxk;nÞ
o0

nðxk;nÞð1þ xk;nÞ
¼ 2

p

Z 1

�1
f ðxÞ

ffiffiffiffiffiffiffiffiffiffiffi
1� x

1þ x

r
dx ð1:12Þ

holds for every fAL½�1; 1	;
(c) relation (1.6) holds for every fAC1½�1; 1	,ff2g:

Our investigation of the ratio asymptotics (1.3) for general polynomials is
motivated by the ratio asymptotics for orthogonal polynomials. Let aðxÞ be a
nondecreasing function on ½�1; 1	 with infinitely many points of increase such that
all moments of daðxÞ are finite and fPnða;xÞg;

Pnða; xÞ ¼ gnðaÞxn þ?; gnðaÞ40;

the orthonormal polynomials with respect to da: We call da a measure. lk;nðaÞ’s
stand for the Christoffel numbers with respect to da [2, p. 4]. Then we have
[2, Theorems 3.2.3 and 3.2.4, pp. 17–19; Theorems 4.1.12 and 4.1.13, pp. 32–34];
[3, Theorem 10]; [8, Theorem 1], in which

onðzÞ ¼ OnðzÞ ¼
1

gnðaÞ
Pnða; zÞ:

Theorem A. Let da be a measure supported in ½�1; 1	 and xk;n’s the zeros of Pnða;xÞ:
Then the following statements are equivalent:

(a) we have

lim
n-N

gn�1ðaÞ
gnðaÞ

¼ 1
2
; lim

n-N

Z 1

�1
xPnða; xÞ2 daðxÞ ¼ 0: ð1:13Þ

Y.G. Shi / Journal of Approximation Theory 120 (2003) 355–370 357



(b) relation (1.3) holds for every zAC\ð�1; 1Þ;
(c) the relation

lim
n-N

Xn

k¼1
f ðxk;nÞlk;nðaÞPn�1ða; xk;nÞ2 ¼

2

p

Z 1

�1
f ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx ð1:14Þ

holds for every fAL½�1; 1	;
(d) the relation

lim
n-N

Xn

k¼1
f ðxk;nÞlk;nðaÞ

Pn�1ða; xk;nÞ2

1� x2k;n
¼ 2

p

Z 1

�1

f ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx ð1:15Þ

holds for every fAL½�1; 1	;
(e) the relation

lim
n-N

Xn

k¼1
f ðxk;nÞlk;nðaÞ

Pn�1ða; xk;nÞ2

1� xk;n
¼ 2

p

Z 1

�1
f ðxÞ

ffiffiffiffiffiffiffiffiffiffiffi
1þ x

1� x

r
dx ð1:16Þ

holds for every fAL½�1; 1	;
(f) the relation

lim
n-N

Xn

k¼1
f ðxk;nÞlk;nðaÞ

Pn�1ða; xk;nÞ2

1þ xk;n
¼ 2

p

Z 1

�1
f ðxÞ

ffiffiffiffiffiffiffiffiffiffiffi
1� x

1þ x

r
dx ð1:17Þ

holds for every fAL½�1; 1	:

Moreover, Statement (a) implies that relation (1.6) holds for every fAC1½�1; 1	:

We point out that there is a close relationship between Theorems 1.1–1.4 and
Theorem A. In fact, using a well-known formula [1, p. 6]

ck;nða; xÞ ¼ gn�1ðaÞ
gnðaÞ

lk;nðaÞPn�1ða; xk;nÞ ¼
Pnða; xÞ

P0
nða; xk;nÞ

with

ck;nða; xÞ ¼ Pnða; xÞ
P0

nða; xk;nÞðx � xk;nÞ

and substituting x ¼ xk;n; we obtain

gn�1ðaÞ
gnðaÞ

lk;nðaÞPn�1ða; xk;nÞ ¼
1

P0
nða; xk;nÞ

:

Hence

lk;nðaÞPn�1ða; xk;nÞ2 ¼
gnðaÞPn�1ða; xk;nÞ
gn�1ðaÞP0

nða; xk;nÞ
¼ on�1ða;xk;nÞ

o0
nða; xk;nÞ
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and then relations (1.14), (1.15), (1.16), and (1.17) are equivalent to (1.5), (1.8),
(1.10), and (1.12), respectively. Thus, Theorems 1.1–1.4 for the ratio asymptotics
of general polynomials extend and improve Theorem A for the ratio asymptotics of
orthogonal polynomials. The extension of nth root and power asymptotics
for orthogonal polynomials to general polynomials can be found in [6,7],
respectively.
The second motivation of investigation of the ratio asymptotics for general

polynomials is related to study of the asymptotics for polynomials with disturbed
nodes. We restrict ourselves to the result for polynomials with disturbed
nodes corresponding to Theorem 1.1 in details, the other results will be left to the
reader.
Given any two triangular matrices of nodes (nX2):

1Xx1;n4x2;n4?4xn;nX� 1 ð1:18Þ
and

1XZ1;n�14Z2;n�14?4Zn�1;n�1X� 1; ð1:19Þ
put

pnðxÞ ¼
Yn

k¼1
ðx � xk;nÞ; Pn�1ðxÞ ¼

Yn�1
k¼1

ðx � Zk;n�1Þ:

The last main result of this paper is the following.

Theorem 1.5. Let assumptions (1.1), (1.2), (1.4), (1.18), and (1.19) prevail and let

1Xx1;nXZ1;n�1Xx2;nXZ2;n�1X?Xxn�1;nXZn�1;n�1Xxn;nX� 1: ð1:20Þ
If one of the Statements (a)–(c) of Theorem 1.1 is true and if

lim
n-N

Xn

k¼1
jxk;n � xk;nj þ

Xn�1
k¼1

jZk;n�1 � yk;n�1j
" #

¼ 0; ð1:21Þ

then the following statements hold:

(a) the relation

lim
n-N

pnðzÞ
Pn�1ðzÞ

¼ 1
2
fðzÞ ð1:22Þ

holds for every zAC\½�1; 1	;
(b) the relation

lim
n-N

Xn

k¼1
f ðxk;nÞ

Pn�1ðxk;nÞ
p0nðxk;nÞ

¼ 2
p

Z 1

�1
f ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx ð1:23Þ

holds for every fAL½�1; 1	;
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(c) the relation

lim
n-N

Xn

k¼1
f ðxk;nÞ �

Xn�1
k¼1

f ðZk;n�1Þ
" #

¼ 1
p

Z 1

�1

f ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx ð1:24Þ

holds for every fAC1½�1; 1	:

The paper is organized as follows. In the next section we state some auxiliary
lemmas. In Section 3 we give the proofs of the theorems. In the last section some
remarks are given.

2. Auxiliary lemmas

Lemma A (Shi [5, Lemma 2]). Let assumption (1.1) prevail. If PðxÞ ¼ a0x
n�1 þ

a1x
n�2 þ?þ an�1; thenXn

k¼1

Pðxk;nÞ
o0

nðxk;nÞ
¼ a0: ð2:1Þ

Lemma B (Nevai [2, p. 62]). We have

1

p

Z 1

�1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p

z � x
dx ¼ fðzÞ�1; zAC\ð�1; 1Þ: ð2:2Þ

Lemma C (Saff and Totik [4, Example 3.5, p. 45]). We have

1

p

Z 1

�1

lnðz � xÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx ¼ ln fðzÞ
2

; zAC\ð�1; 1Þ: ð2:3Þ

Lemma 2.1. Let assumptions (1.1) and (1.2) prevail. If relation (1.3) is true for every

zAC\½�1; 1	 and if

sup
n

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞ

����
���� ¼ C0oþN; ð2:4Þ

then relation (1.5) holds for every fAL½�1; 1	:
Conversely, if relation (1.5) is true for every fAL½�1; 1	; then relation (1.3) holds for

every zAC\½�1; 1	:

Proof. To prove the first conclusion by Banach–Steinhaus theorem it suffices to show
that relation (1.5) holds for every polynomial, or equivalently, for every monomial
xm; m ¼ 0; 1;y: To this end using the expansion [1, Formula 1.112-3, p. 21]

fðzÞ�1 ¼ z �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z2 � 1

p
¼ z½1� ð1� z�2Þ1=2	 ¼

XN
i¼0

ð2i � 1Þ!!
ð2i þ 2Þ!! z�2i�1
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and the formulas [1, Formula 3.621-3, p. 369]

1

p

Z 1

�1
x2i

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx ¼ 1

p

Z p

0

cos2i yð1� cos2 yÞ dy ¼ ð2i � 1Þ!!
ð2i þ 2Þ!!;

1

p

Z 1

�1
x2iþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx ¼ 0;

we obtain the identity

fðzÞ�1 ¼ 1
p

XN
i¼0

z�i�1
Z 1

�1
xi

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx: ð2:5Þ

Further, we need the expansion

1

z � x
¼

XN
i¼0

z�i�1xi; zAC\½�1; 1	

and the Lagrange interpolation formula

On�1ðzÞ ¼
Xn

k¼1

On�1ðxk;nÞonðzÞ
o0

nðxk;nÞðz � xk;nÞ

or equivalently,

On�1ðzÞ
onðzÞ

¼
Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞðz � xk;nÞ
: ð2:6Þ

By (1.3) we have

2fðzÞ�1 ¼ lim
n-N

On�1ðzÞ
onðzÞ

¼ lim
n-N

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞðz � xk;nÞ

¼ lim
n-N

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞ
XN
i¼0

z�i�1xi
k;n;

which, coupled with (2.5), yields

lim
n-N

Xn

k¼1

XN
i¼0

z�i�1 xi
k;nOn�1ðxk;nÞ
o0

nðxk;nÞ
¼ 2

p

XN
i¼0

z�i�1
Z 1

�1
xi

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx: ð2:7Þ

Clearly, by (2.1) we haveXn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞ
¼ 1 ¼ 2

p

Z 1

�1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx;

which shows that relation (1.5) holds for the function f ¼ 1: Now suppose, as an
induction hypothesis, that relation (1.5) holds for every f ðxÞ ¼ xi; ipm: Then it
follows from the hypothesis and (2.7) that

lim
n-N

Xn

k¼1

XN
i¼mþ1

z�i�1 xi
k;nOn�1ðxk;nÞ
o0

nðxk;nÞ
¼ 2

p

XN
i¼mþ1

z�i�1
Z 1

�1
xi

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx
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and hence, multiplying the factor zmþ2 on both the sides,

lim
n-N

Xn

k¼1

XN
i¼mþ1

zmþ1�i
xi

k;nOn�1ðxk;nÞ
o0

nðxk;nÞ
¼ 2

p

XN
i¼mþ1

zmþ1�i

Z 1

�1
xi

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx: ð2:8Þ

According to (2.4) we get the estimations

Xn

k¼1

XN
i¼mþ2

zmþ1�i
xi

k;nOn�1ðxk;nÞ
o0

nðxk;nÞ

�����
����� ¼

XN
i¼mþ2

zmþ1�i
Xn

k¼1

xi
k;nOn�1ðxk;nÞ
o0

nðxk;nÞ

�����
�����

p
XN

i¼mþ2
jzjmþ1�i

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞ

����
����pC0

XN
i¼mþ2

jzjmþ1�i ¼ C0

jzj � 1

and

2

p

XN
i¼mþ2

zmþ1�i

Z 1

�1
xi

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx

�����
�����p2p

XN
i¼mþ2

jzjmþ1�i

Z 1

�1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx ¼ 1

jzj � 1:

Since jzj may be large enough, from (2.8) we conclude that relation (1.5) holds for

f ðxÞ ¼ xmþ1: By induction this proves that relation (1.5) holds for every monomial.
To prove the second conclusion of the lemma inserting f ðxÞ ¼ 1=ðz �

xÞ; zAC\½�1; 1	; into (1.5) it follows from (2.6) and (2.2) that

lim
n-N

On�1ðzÞ
onðzÞ

¼ lim
n-N

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞðz � xk;nÞ
¼ 2

p

Z 1

�1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p

z � x
dx ¼ 2fðzÞ�1:

Since the set

On�1ðzÞ
onðzÞ

: nAN

	 


is a normal family in C\½�1; 1	; the convergence in (1.3) holds uniformly in each
compact subset of C\½�1; 1	: &

Remark 2.1. 2 Applying Banach–Alaoglu theorem and using Stieltjes–Perron
inversion formula we can give a more transparent proof of Lemma 2.1 and derive
a more general result: Let M½�1; 1	 be the space of Borel real measure in ½�1; 1	 and
K a compact subset of ½�1; 1	: Let nAM½�1; 1	 and zAC\K : Assume that
assumptions (1.1) and (1.2) prevail. If

lim
n-N

On�1ðzÞ
onðzÞ

¼
Z 1

�1

dnðxÞ
z � x

is true and relation (2.4) is valid, then

lim
n-N

Xn

k¼1
f ðxk;nÞ

On�1ðxk;nÞ
o0

nðxk;nÞðz � xk;nÞ
¼

Z 1

�1
f ðxÞ dnðxÞ

holds for all fACðKÞ:

2This interesting remark is due to one of the referees.
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We omit the details.

Lemma 2.2. Let assumptions (1.1) and (1.2) prevail. If relation (1.3) is true for every

zAC\ð�1; 1Þ and if

sup
n

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞð1� x2k;nÞ

�����
�����oþN; ð2:9Þ

then relation (1.8) holds for every fAL½�1; 1	:
Conversely, if relation (1.8) is true for every fAL½�1; 1	; then relation (1.3) holds for

every zAC\ð�1; 1Þ:

Proof. Let us prove the first conclusion of the lemma. Since relation (2.9) implies
(2.4), by Lemma 2.1 relation (1.5) holds for every fAL½�1; 1	: Inserting x ¼ 1 or
x ¼ �1 into (2.6) give

On�1ð1Þ
onð1Þ

¼
Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞð1� xk;nÞ
ð2:10Þ

or

On�1ð�1Þ
onð�1Þ

¼ �
Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞð1þ xk;nÞ
; ð2:11Þ

respectively. Hence by (1.3)

lim
n-N

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞð1� xk;nÞ
¼ 2 ð2:12Þ

and

lim
n-N

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞð1þ xk;nÞ
¼ 2: ð2:13Þ

It follows from (2.12) and (2.13) that

lim
n-N

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞð1� x2k;nÞ
¼ 2; ð2:14Þ

which means that relation (1.8) holds for f ¼ 1:
Further, sinceXn

k¼1

xk;nOn�1ðxk;nÞ
o0

nðxk;nÞð1� x2k;nÞ
¼

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞð1� x2k;nÞ
�
Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞð1þ xk;nÞ
;

by means of (2.13) and (2.14) we conclude

lim
n-N

Xn

k¼1

xk;nOn�1ðxk;nÞ
o0

nðxk;nÞð1� x2k;nÞ
¼ 0;

which means that relation (1.8) holds for f ðxÞ ¼ x: Now suppose, as an induction

hypothesis, that relation (1.8) holds for every f ðxÞ ¼ xi; ipm ðmX1Þ: Using the
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recurrence relation

Xn

k¼1

xmþ2
k;n On�1ðxk;nÞ

o0
nðxk;nÞð1� x2k;nÞ

¼
Xn

k¼1

xm
k;nOn�1ðxk;nÞ

o0
nðxk;nÞð1� x2k;nÞ

�
Xn

k¼1

xm
k;nOn�1ðxk;nÞ
o0

nðxk;nÞ
ð2:15Þ

and the hypothesis it follows from (1.5) that

lim
n-N

Xn

k¼1

xmþ2
k;n On�1ðxk;nÞ

o0
nðxk;nÞð1� x2k;nÞ

¼ 2
p

Z 1

�1

xmffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx � 2
p

Z 1

�1
xm

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
dx

¼ 2
p

Z 1

�1

xmþ2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx;

which means that relation (1.8) holds for f ðxÞ ¼ xmþ2: By induction this proves that
relation (1.8) holds for every monomial and hence for every polynomial. By Banach–
Steinhaus theorem it follows from (2.9) that relation (1.8) holds for every
fAL½�1; 1	:
Let us prove the second conclusion of the lemma. If relation (1.8) holds for every

fAL½�1; 1	; then relation (1.5) also holds for every fAL½�1; 1	: According to Lemma
2.1 relation (1.3) holds for every zAC\½�1; 1	: &

Remark 2.2.
3 By the same way as that in Remark 2.1 we can obtain a similar

extension of Lemma 2.2.

By the same arguments as that of Lemma 2.2 we can get the following two
lemmas, omitting the details.

Lemma 2.3. Let assumptions (1.1) and (1.2) prevail. If relation (1.3) is true for every

zAC\½�1; 1Þ and if

sup
n

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞð1� xk;nÞ

����
����oþN;

then relation (1.10) holds for every fAL½�1; 1	:
Conversely, if relation (1.10) is true for every fAL½�1; 1	; then relation (1.3) holds

for every zAC\½�1; 1Þ:

Lemma 2.4. Let assumptions (1.1) and (1.2) prevail. If relation (1.3) is true for every

zAC\ð�1; 1	 and if

sup
n

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞð1þ xk;nÞ

����
����oþN;

then relation (1.12) holds for every fAL½�1; 1	:
Conversely, if relation (1.12) is true for every fAL½�1; 1	; then relation (1.3) holds

for every zAC\ð�1; 1	:

3This interesting remark is also due to one of the referees.
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Lemma 2.5. Let assumptions (1.1) and (1.2) prevail. If relation (1.3) is true for every

zAC\½�1; 1	 and if

sup
n

Xn�1
k¼1

jxk;n � yk;n�1j ¼ C1oþN; ð2:16Þ

then relation (1.6) holds for every fAC1½�1; 1	:
Conversely, if relation (1.6) is true for every fAC1½�1; 1	; then relation (1.3) holds

for every zAC\½�1; 1	:

Proof. To prove the first conclusion of the lemma we use (1.3) and (2.3) to obtain

lim
n-N

Xn

k¼1
lnðz � xk;nÞ �

Xn�1
k¼1

lnðz � yk;n�1Þ
" #

¼ ln fðzÞ
2

¼ 1
p

Z 1

�1

lnðz � xÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx:

Let PðxÞ ¼
QM

k¼1 ðx � zkÞ; zkAC\½�1; 1	: Then the above relation yields

lim
n-N

Xn

k¼1
ln Pðxk;nÞ �

Xn�1
k¼1

ln Pðyk;n�1Þ
" #

¼ 1
p

Z 1

�1

ln PðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx: ð2:17Þ

Now let us show that relation (1.6) holds for every f ðxÞ ¼ xm; m ¼ 0; 1;y :
Obviously, relation (1.6) holds for f ¼ 1: Assume that mX1 is fixed. Let N be an odd
integer and

P1ðxÞ ¼
XN

k¼0

xkm

k!
; P2ðxÞ ¼

XN
k¼Nþ1

xkm

k!
:

Clearly, P1ðxÞ40; P2ðxÞ40; xA½�1; 1	; and exm ¼ P1ðxÞ þ P2ðxÞ: Given an arbi-
trary positive number e; choose an odd integer N so large that

P2

P1

����
����

����
����pe;

m

N!P1

����
����

����
����pe;

where jj 
 jj stands for the uniform norm on ½�1; 1	: For this fixed number N we write

gðxÞ ¼ ln 1þ P2ðxÞ
P1ðxÞ

� 

:

It is easy to see that

gðxÞ ¼ ln P1ðxÞ þ P2ðxÞ
P1ðxÞ

¼ ln exm

P1ðxÞ
¼ xm � ln P1ðxÞ ð2:18Þ

and

jjgjjp P2

P1

����
����

����
����pe: ð2:19Þ
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Meanwhile

g0ðxÞ ¼ ½xm � ln P1ðxÞ	0 ¼ mxm�1 � P0
1ðxÞ

P1ðxÞ

¼mxm�1 �
PN

k¼0 mxkm�1=ðk � 1Þ!
P1ðxÞ

¼mxm�1 � mxm�1½P1ðxÞ � ðxmNÞ=ðN!Þ	
P1ðxÞ

¼mxmðNþ1Þ�1

N!P1ðxÞ
:

Hence

jjg0jj ¼ mxmðNþ1Þ�1

N!P1ðxÞ

����
����

����
����p m

N!P1

����
����

����
����pe: ð2:20Þ

Thus by the mean value theorem for derivative it follows from (2.16), (2.19), and
(2.20) that

Xn

k¼1
gðxk;nÞ �

Xn�1
k¼1

gðyk;n�1Þ �
1

p

Z 1

�1

gðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx

�����
�����

¼
Xn�1
k¼1

½gðxk;nÞ � gðyk;n�1Þ	 þ gðxn;nÞ �
1

p

Z 1

�1

gðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx

�����
�����

pjjg0jj
Xn�1
k¼1

jxk;n � yk;n�1j þ 2jjgjj

pðC1 þ 2Þe: ð2:21Þ

On the other hand, by (2.17) there is a number n0 such that for n4n0:

Xn

k¼1
ln P1ðxk;nÞ �

Xn�1
k¼1

ln P1ðyk;n�1Þ �
1

p

Z 1

�1

ln P1ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx

�����
�����oe: ð2:22Þ

Thus using (2.18), (2.21), and (2.22) we have that for n4n0:

Xn

k¼1
xm

k;n �
Xn�1
k¼1

ym
k;n�1 �

1

p

Z 1

�1

xmffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx

�����
�����oðC1 þ 3Þe;

which proves that relation (1.6) holds for f ðxÞ ¼ xm:
Denote

Lnðf Þ ¼
Xn

k¼1
f ðxk;nÞ �

Xn�1
k¼1

f ðyk;n�1Þ:
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Then by the mean value theorem for derivative it follows from (2.16) that

jjLnjj :¼ sup
maxfjjf jj;jjf 0 jjgp1

jjLnðf Þjj

¼ sup
maxfjjf jj;jjf 0jjgp1

Xn�1
k¼1

½ f ðxk;nÞ � f ðyk;n�1Þ	 þ f ðxn;nÞ
�����

�����
¼ sup

maxfjjf jj;jjf 0jjgp1

Xn�1
k¼1

f 0ðxkÞðxk;n � yk;n�1Þ þ f ðxn;nÞ
�����

�����
p

Xn�1
k¼1

jxk;n � yk;n�1j þ 1

pC1 þ 1:

Then by Banach–Steinhaus theorem relation (1.6) holds for every fAC1½�1; 1	:
Let us prove the second conclusion of the lemma. Inserting f ðxÞ ¼ lnðz � xÞ into

(1.6) we get

lim
n-N

ln
onðzÞ
On�1ðzÞ

� 

¼ 1

p

Z 1

�1

lnðz � xÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx:

It remains to apply (2.3). &

3. Proofs of theorems

3.1. Proof of Theorem 1.1. Since relations (1.1), (1.2), and (1.4) imply

On�1ðxk;nÞ
o0

nðxk;nÞ
X0; k ¼ 1; 2;y; n;

we have by (2.1)Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞ

����
���� ¼ Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞ
¼ 1: ð3:1Þ

Meanwhile relation (1.4) also yields

Xn�1
k¼1

jxk;n � yk;n�1jp2: ð3:2Þ

Then both (2.4) and (2.16) hold. Hence Theorem 1.1 follows from Lemmas 2.1 and
2.5. &

3.2. Proof of Theorem 1.2. Statement ðaÞ ) ðbÞ: In the proof of Lemma 2.2
Statement (a) alone implies (2.14). By (1.1), (1.2), (1.7), and (2.14)

lim
n-N

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞð1� x2k;nÞ

�����
����� ¼ lim

n-N

Xn

k¼1

On�1ðxk;nÞ
o0

nðxk;nÞð1� x2k;nÞ
¼ 2:
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We conclude that relation (2.9) is true. It remains to apply Lemma 2.2.
ðbÞ ) ðaÞ: Apply Lemma 2.2.
ðaÞ3ðcÞ: By Theorem 1.1 it is enough to show that relation (1.3) holds for x ¼ 1

(or x ¼ �1) if and only if relation (1.6) holds for f ¼ f1 (or f ¼ f2). But this is indeed
the case by (2.3). &

3.3. Proof of Theorem 1.3. Use the same argument as that of Theorem 1.2 applying
Lemma 2.3 instead of Lemma 2.2. &

3.4. Proof of Theorem 1.4. Use the same argument as that of Theorem 1.2 applying
Lemma 2.4 instead of Lemma 2.2. &

3.5. Proof of Theorem 1.5. According to Theorem 1.1 it is sufficient to show that
Statement (c) of Theorem 1.1 implies Statement (c) of Theorem 1.5. To this end
applying the mean value theorem for derivative we see

Xn

k¼1
f ðxk;nÞ �

Xn�1
k¼1

f ðZk;n�1Þ �
1

p

Z 1

�1

f ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx

�����
�����

¼
Xn

k¼1
½ f ðxk;nÞ � f ðxk;nÞ	 þ

Xn�1
k¼1

½ f ðyk;n�1Þ � f ðZk;n�1Þ	
�����
þ

Xn

k¼1
f ðxk;nÞ �

Xn�1
k¼1

f ðyk;n�1Þ �
1

p

Z 1

�1

f ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx

" #�����
¼

Xn

k¼1
f 0ðqk;nÞðxk;n � xk;nÞ þ

Xn�1
k¼1

f 0ðrk;n�1Þðyk;n�1 � Zk;n�1Þ
�����
þ

Xn

k¼1
f ðxk;nÞ �

Xn�1
k¼1

f ðyk;n�1Þ �
1

p

Z 1

�1

f ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p dx

" #�����
pjjf 0jj

Xn

k¼1
jxk;n � xk;nj þ

Xn�1
k¼1

jyk;n�1 � Zk;n�1j
" #

þ
Xn

k¼1
f ðxk;nÞ �

Xn�1
k¼1

f ðyk;n�1Þ �
1

p

Z 1

�1

f ðxÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x2

p
�����

�����:
Then relation (1.23) follows from (1.21) and (1.6). &

4. Remarks

4.1. Assumption (2.4) is necessary for the first conclusion of Lemma 2.1 in
general. In fact, by Banach–Steinhaus theorem it is enough to show that
Statement (a) of Theorem 1.1 does not imply (2.4). This is the case from the
following example.
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Let

onðxÞ ¼ 22�nðx � x1nÞTn�1ðxÞ;
On�1ðxÞ ¼ on�1ðxÞ;

(
ð4:1Þ

where Tn stands for the nth Chebyshev polynomial of the first kind and

x1n ¼ t1;n�1 þ n�n: ð4:2Þ
Then for zAC\½�1; 1	

lim
n-N

onðzÞ
on�1ðzÞ

¼ lim
n-N

22�nðz � x1;nÞTn�1ðzÞ
23�nðz � x1;n�1ÞTn�2ðzÞ

¼ lim
n-N

Tn�1ðzÞ
2Tn�2ðzÞ

¼ 1
2
fðzÞ:

But

on�1ðx1;nÞ
o0

nðx1;nÞ

����
���� ¼ 23�nðx1;n � x1;n�1ÞTn�2ðx1;nÞ

22�nTn�1ðx1;nÞ

����
����

X
2ðx1;n � x1;n�1Þðx1;n � x2;n�1Þ

ðx1;n � x2;nÞðx1;n � xn;nÞ

����
����

¼ 2½t1;n�1 þ n�n � t1;n�2 � ðn � 1Þ�ðn�1Þ	½t1;n�1 þ n�n � t1;n�2	
n�n½t1;n�1 þ n�n � tn�1;n�1	

�����
�����

X nn½t1;n�1 � t1;n�2 � ðn � 1Þ�ðn�1Þ	2

X nn c

n2

h i
;

where c40 is a certain constant. Thus relation (2.4) is violated.

4.2. Although Statement (b) of Theorem 1.1 is equivalent to Statement (b) of
Theorem 1.2 in the case of orthogonal polynomials, this equivalence does not remain
true for general polynomials, even if assumption (1.7) is valid.
For example, let on and On�1 be given in (4.1) but here

x1;n ¼ 1� n�n ð4:3Þ
instead of (4.2). Clearly assumption (1.7) is valid and hence relation (3.1) holds, which
implies (2.4). By the same argument as that in Section 4.1 we conclude that Statement
(a) of Theorem 1.1 is true and hence Statement (b) of Theorem 1.1 holds. But

on�1ðx1;nÞ
o0

nðx1;nÞð1� x21;nÞ
¼ 2

3�nðx1;n � x1;n�1ÞTn�2ðx1;nÞ
22�nTn�1ðx1;nÞð1� x21;nÞ

X
x1;n � x1;n�1
1� x1;n

¼ ðn � 1Þ�ðn�1Þ � n�n

n�n

¼ n
n

n � 1
h in�1

�1Xn � 1;

which implies that relation (1.8) is not true for f ¼ 1:
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